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Excitation of a Half-space by a Radial Current Sheet Source 

V. MOGILATOV 1 

Abstract- Some advantages and problems of the new geoelectrical prospecting method, i.e., vertical 
electric current soundings (VECS) are discussed. This method is based on using a new source, namely 
a circular electric dipole (CED). The source is installed by one of the transmitter poles grounded in the 
central point and the other pole uniformly grounded around with a radius determined by the depth of 
investigation desired. It can be defined as a noninductive source. The previous research was based on the 
diffusion approach. In this paper the author uses the solution with due regards for displacement currents 
in the frequency and time domain. A major disadvantage of the CED scheme is the need to provide a 
symmetrical grounding of the outer ring electrode. A possible way to avoid this requirement is to adopt 
an ungrounded CED array. 
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Introduction 

Somet ime  ago a qual i ta t ive ly  new cont ro l led  source,  a Ci rcular  Electr ic Dipole  

(CED) ,  was descr ibed (MOGILATOV, 1992). I t  m a y  be defined as a source having no 

magne t ic  field o f  its own at  the ea r th ' s  surface. Such a geomet ry  o f  conduc to r s  with 

a cur rent  on the surface o f  the ear th  was p r o p o s e d  to reduce the magne t ic  field o f  

each separa te  conduc tor .  In  o ther  words ,  C E D  is a noninduc t ive  source. 

The  source is ins ta l led by  g round ing  one o f  the t ransmi t te r  poles  in the central  

point .  The  o ther  pole  is un i fo rmly  g rounded  a r o u n d  with a rad ius  de te rmined  by  

the dep th  o f  inves t igat ion desired (Fig .  1). Let  us briefly i l luminate  the mos t  

interest ing C E D  proper t ies  in the low frequency regime. C E D  is a source having  no 

magne t ic  field o f  its own. Thus  it is a pure  galvanic  source, which differs f rom a 

loop  (a  pure  induct ive  source) and  f rom a line. I t  is bo th  galvanic  and  induct ive  (a  

" l ine"  here refers to a cable or  insula ted  wire g rounded  at  its end points) .  The  

no rma l  magne t ic  field on the ear th ' s  surface ( and  above  it) o f  a hor izon ta l ly  layered 

m e d i u m  is absent  (wi th in  the quasi -s ta t ic  app rox ima t ion ) ,  and  only a rad ia l  electric 

c o m p o n e n t  exists. A C E D  field is at  r ight  angles to a loop  field and  has an 

az imutha l  symmet ry  (seen ideally.  The  real  C E D  a r r ay  has az imutha l  per iodici ty) .  

1 Siberian Research Institute of Geology, Geophysics and Mineral Resources, 6, Potaninskaja St., 
Novosibirsk, 630099, Russia. 
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Figure 1 
Three types of sources for the transient soundings. 

The CED field is always defined by a vertical medium structure, at the latter 

transient stage as well, rather than by the total longitudinal conductivity. There is 

one interesting result: In marine electric prospecting a sea-water layer will not play 

such a fatal role when a CED is used as in applying a loop or a line. In medium 

with nonconducting basement the decay of the CED field is exponential. The transient 

process is faster than the transient process from a loop or a line. The CED can be 
also considered as a ground analogue of another known source namely, a vertical 
electric line. Finally we note that the CED as a pure galvanic source does not excite 

a long-term transient. Thus in all likelihood it will appear to be a new useful means 
to study IP processes. The CED is a simple source, whereas a line is complex. This 
fact should be kept in mind in studying such a complicated phenomenon as IP 

(Induced Polarization). 
Considering a distinct vertical character of the currents under the central 

electrode and current circulation in vertical planes, we suggest an electric prospecting 

method using a CED to be named the method of vertical electric current soundings 
(VECS). There are the first field-test results for VECS. These assertions and previous 

research were based on the diffusion approach. In this paper we use the solution with 
due regard for displacement currents. 

Field of CED in the Frequency Domain 2 

The model we adopt  is very simple. As indicated in Figure 2 the radial current 

sheet jr(r) in A/m locates in the interface between two homogeneous half-spaces. 

2 In fact this section is a private communication from James R. Wait, reproduced with his permission. 
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Figure 2 
The model. 

The upper region, for z > 0, which we refer to as the air, has the permittivity so and 
permeability #o. The lower lossy region, which we refer to as the earth, has the 
permittivity e, conductivity o- and permeability #o. The objective is to deduce 
expressions for the fields everywhere in terms of the specified source currentj~(r). A 
time factor exp(jcot) is assumed where co is the angular frequency. 

Because of azimuthal symmetry, the fields can be derived from the vector 
potential which has only a z component. These are denoted A 0 for z > 0 and A for 
z < 0. Thus the nonzero field components are: 

1 ~2A o 
Er lO~% OrOz' z > 0 ;  (1) 

1 02A 
Er o-+jco~ 0r#z '  z < 0 ;  (2) 

1 . _7o2+ Ao, z > 0 ;  (3) 
s  = jCO~o 7 ~  2 

E ~ = o . + j ~ -  ~" + 0 z  2 A, z < 0 ;  (4) 

c3A o 
H ~ -  a t '  z > 0 ;  (5) 

aA 
H ~ -  a r '  z > 0 ,  (6) 

where 7o2 = (Jc~ and 7 2 = jcOa#o + (jco)%/~ o. 
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The first boundary condition is very simple. It states that Er is continuous 
through the plane z = 0; thus 

Er(z  = + 0 )  --  Er (z  = - 0 )  = 0. (7) 

The second boundary condition (from Faraday's law) is that 

H ~ ( z  = +O) - H 4 ( z  = - 0 )  = - j r ( r ) .  (8) 

To implement these conditions, we employ the following integral representations 

Ao = f o ( g ) "  exp( -u0z )  . J o ( g r ) .  dg, z > 0; (9) 

A = f ( g ) .  e x p ( + u z ) . J o ( g r ) ,  dg, z < 0, (10) 
o 

where Uo = ( g a +  ~2)1/2 and u = (g2 + 72)1/2. Notice that Jo(gr)  is the Bessel func- 

tion of order zero, it is verified that A 0 and A satisfy Helmholtz equations 
(V 2 - 7~)Ao = 0 and (V 2 - 72)A = 0. 

The remaining task is to determine f o (g )  and f(g) .  On using (1), (2) and (7) we 
deduce that 

f o ( g )  j~oe o u 
- -  - ( 1 1 )  

f ( g )  a + je)z u o" 

On the other hand, using (5), (6) and (8) we require 

0 ~~ [fo(g) - f ( g ) ]  . g . J~(gr)  . dg = - j r ( r ) ,  (12) 

which is a Fourier-Bessel transform. Its inverse gives 

f o ( g )  -- f ( g )  = S (g ) ,  (13) 

where 

S ( g )  = j r ( r ) ,  r .  Jl ( g r ) .  dr. (14) 

From (11) and (13), we obtain 

f o ( g )  = 

and 

- jCOeouS(g)  

(6 + j~oe)Uo + jCO~oU 
(15) 

On inserting these expressions into (9) and (10) we have a formally exact 
solution valid for any specified radial current density jr(r) .  Corresponding exact 

(6 + jeo~)uoS(g ) 
f ( g )  = (6 + jcoe)u o + joogoU" (16) 
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expressions for the field components are obtained by performing the derivative 
operations indicated by (1) to (6). 

We now specialize the radial density to be 

j~(r) = Io/(2~r) for a < r _< b, 
(17) 

L ( r ) = 0  f o r r < a  and r > b ,  

where I 0 is the total current flowing across the annular strip. In this case 

,o S(g) = -~  ' J, (gr) dr = �9 [Jo(ga) - Jo(gb)]. (18) 
2~g 

This form for S(g)  would be appropriate for a pair of  circular grounded electrodes 
of radii a and b. To preserve the assumed symmetry, they are excited by a large 
number of insulated wires carrying a total current Io. Of course, if a --* 0 we have 
a point electrode at the center whence Jo(ga) = 1. If we further allow gb << 1, and 
Jo(gb) -~ 1 - g 2 b 2 / 4  then 

Iogb 2 
S(g) ~ 8re (19) 

This appears to be a valid approximation for b << r (i.e., the radial coordinate of  the 
observer is substantially greater than the outer ring electrode). To simplify the 
subsequent discussion we assume this is the case in what follows. 

For  most geophysical application another simplification can be made. That is if 

[70rl << 1 (i.e., r is much less than the wavelength in air), Uo ~-g so that the fields in 
the upper air region are valid solution of Laplace's equation. This is what is meant 
by the "quasi-static" assumption. But keep in mind, displacement currents are not 
ignored. However, we will say that the lower earth half-space is assumed to be well 
conducting in the sense that [a + jcoe I >> eoCO. Under these conditions (15) and (16) 
simplify to 

jo~eouS(g) 
f0(g) - (cr + jcoe)g (20) 

and 

f ( g )  ~-S(g).  (21) 

Now (9) and (10) become 

Ao ~_ jCOeo ~ . _u. e x p ( - g z ) .  Jo(gr).  dg (22) -~r+j~o~" Jo S(g) g 

and 

~0 cC A ~- S(g)" exp(uz). Jo(gr) 'dg .  (23) 
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If we further restrict attention to a = 0, and b << r as mentioned, the above-men- 
tioned expressions further simplify to 

/oh 2 j~O~o ~[o 
A~ ~- - 8= cr + joe u" exp(- -gz) .  Jo(gr)" dg (24) 

and 

,oh2 
A ~- 8~z " g" exp(uz)Jo(gr)'dg. (25) 

When z = 0 the integral in (24) can be expressed in closed form as 

u-Jo(gr), dg = (g2+  ?,2). u -  i .  jo(gr) ,  dg 

=[? 2-1 0 r 0 

1_ 

= ?2 1 8 r ~  I o Ko (26) 
- 7 e 7  ~ 5 ' 

where/o and K0 are modified Bessel functions of order 0. While the differentiations 
can be carried out, it will suffice to note fact the integral can be approximated by 

?/r when yr >> 1. When z > 0 the corresponding approximation is 

u" exp( -gz ) -  Jo(gr) dg ~- ?. e x p ( - g z ) .  Jo(gr)" dg (r 2 + z 2) 1/2" 

Thus, in this case, 

where 

jooeoIob 2rl 
A0 -~ 8~(r 2 _~ Z 2) 1/2" (28) 

( j~o#o ~u2 
= ?/(~ + jeo~) = ~ 7 j 7 ~ /  ' 

To deal with the case z < 0 (i.e., within earth), we obtain rather simply from 

A = l~ 

8~ 

I0 b2 

8rt 

(25) that 

~? ~Og  exp(uz) Jo(gr) dg 
Oz ~o u 

& 

lob  2 z 
87~ R3 (1 + ? R ) "  exp(--?R),  (29) 

where R = @75-+ z 2. 
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This final expression for A, under the stated assumption is the same as if the 
source were replaced by a vertical electric dipole (VED) of current moment (Idz)e 
located at z = - h .  Using the conditions h << r, 17orl << 1 and la + ico~J >> e0co (i.e., as 
for CED) we have for VED (WAIT, 1982): 

(Idz)eh z 
A -  2 ~  R 3 ( l + ? R ) . e x p ( - y R ) ,  (30) 

where z > h. On equating (29) and (30) we see that the equivalent electric dipole 
moment relates to the disc current Io by 

(Idz)eh = IobZ/4 (31) 

is a remarkable result. The CED is a ground analogue of a vertical electric line in 
the low frequency regime. 

Time Domain Solution 

The formal time domain solution is the Fourier transform of the equation in the 
frequency domain. Experience shows that the numerical Fourier transform is 
extremely unstable in contrast to the quasi-static solution. Our method here is to 
deal with the Fourier transform in an analytical manner. 

We shall study the electrical field as er(t) in the air/earth interface and the 
magnetic field he(t) in the upper region, for z > 0, which we refer to as the air. 

We use expression (29) for the vector potential in the frequency domain. Thus, 
from (2) and (29) we obtain for z < 0: 

Er(co) = 87z(~r + icon) " 0z 2 Or - e-'tR . (32) 

For  the step function excitation, if the transmitter current is 

~ Io, for t < 0 

I ( t ) = ~ I o / 2 ,  for t = 0 ,  (33) 

L 0 ,  for t > 0, 

or I ( t ) = I o . [ 1 -  U(t)], where U(t) is the Heaviside function. The time domain 
solution can be represented as follows 

Iob2 03 { 1  1 f ~  exp(icot) } 
er(t) = ~r 8~ Oz 2 0t" �9 ~ e 7R. (~ + ICOe)ICO dco , (34) 

where er is the solution for the direct current (expression (32) for co = 0). 
Now we introduce the function F defined by 

l f ~ |  ' F(t, z, g) = ~ .  

(35) 
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where u = x / g  2 + 72, 72 = j~or - ( 1 ) 2 ~ # o  and c = 1/x/~0~ is the speed of  light. Also 
in (35) I0 is the modified Bessel function, e = [/~2 _ c2g2] 1/2, fl = a/(2e) and T = z / c  

is the arrival time. The integral in (35), after the substitution jco = s - f l ,  is in the 
form of  a tabulated Laplace t ransform (ABRAMOWITZ and STEGUN, 1966). 

With help of  the function F and the convolut ion theorem the inverse Fourier  
t ransform we obtain 

[062 ~3 {1 L I  ~F(T,R,O)~. } 
G (  t ) = G -  8~-  8z  28~ " ~ j a ( t - r ) . d ' c  , (36) 

where 

1 /'/~~ exp@ot) �9 do) 1 -[1 - exp(-2/~t) ]  - U(t).  (37) 

The expression for the er(t),  after some transformations,  is represented in the 

form: 

, iob2 ~3 f~_~ 
G( t )  = G + 8~cac " ~z 2 ~?r I0(flN/172 -- T2) " U(r  - T )  . (a(z) . U( t  - r) " dr,  (38) 

where 

qS(z) = - e x p ( - f l z ) .  {1 + fir + e x p [ - 2 f l ( t  - z ) ] - ( / / z  - 1)}/z z. 

Here T = R / c  - ~ / c  and we must  remember  the rules for  differentiation and 

integration of  the Heaviside and Dirac functions. 
The final expression for the radial electric field component  on the surface of  

represented in the following form suitable for  numerical earth (z = 0) can be 
evaluation: 

Io b2 
er(t) = e r Jr- - - "  

8~zr7 

+ 4~(~') 

where 

+ 4(:r) 

~ n 

~T n 

2T__.?.4 [-/'mLJ_m (1(2" T -  1(1') �9 U('c - r )  " o('c) " U(t  - "c) " & 

f12T2 ~ 
1 + ~ ) .  u ( t -  r ) -  G(T)-r .  u ( t - r )  

&(t - T) T .  
3 

(39) 

x / z  5 - T2), T = r /c ,  &(x) is the Dirac delta-function. 

The results of  equat ion (39) are shown in Figure 3. The transient process begins 
at t -- T after the transmitter  current  is switched off  at t = 0, where T is the arrival 
time through the earth (T  = rx /~oe  ). The  signai decays gradually approaching its 
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momentary .  Inf inite va lues  
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Figure 3 
Transient responses in the air/earth interface (half-space, cr = 0.005 S/m) after the transmitter current is 

switched off. CED array, a = 0, b = 0.5 m, I 0 = 1 A. Distance r = 5 m. 

di f fus ion behavior .  A t  t imes t < T we have a cons tan t  ( the direct  current) .  Precisely 

at  t ime t = T the field is represented  by  the Di rac  del ta- funct ion.  Not ice  tha t  these 

m o m e n t a r y  infinite values d i sappea r  if  the current  wave fo rm is represented  by any 

dif ferent iable  funct ion  o f  t ime or  the radius  o f  the C E D  has a finite value (now 

b <<r). 

The  so lu t ion  in the t ime d o m a i n  for  the magne t ic  field in the uppe r  region,  for 

z > 0, we ob ta in  f rom (5) and  (24) af ter  Fou r i e r  t ransform:  

h~(t)  = Iob ~ 0 e g~ . Jo (gr )  . ~ ~ + jooe u " 
- 8~z "Or leo "d~ .dg .  (40) 

We use the funct ion  F as well as the convo lu t ion  theorem and the express ion for  

the he~(t) can be represented  in the fol lowing fo rm 

Iob 2eo 0 2 fO ~ 
h4~(t) = - 8~ c~r Ot e - g ~ .  Jo (gr )  

x [ - # o F ( t , O , g ) + g Z f ; o o F ( z , O , g ) G ( t - z ) d z l d g ,  (41) 

where the funct ion  G is defined in (37). 
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An Underground Termination 

A major disadvantage of the CED scheme as described above is the need to 
provide a symmetrical grounding of the outer ring electrode. A possible way to 
avoid this requirement is to adopt an unterminated model. In this case we cannot 
know the distribution of the radial current density jr(r) beforehand. We propose the 
following way. 

As indicated in Figure 4a we adopt the layered model. The source is a vertical 
electric line grounded in the first layer and in the lower half-space (on boundary). 
The first layer (is a good conductor) and a model of our array (CED) with b = oe. 
The second layer is an insulation and the lower half-space is earth. It is the quite 
classical model. We obtained the expression for vector potential using Wait's book 
(WAIT, 1982). The bulky general expression (only a z component) is simplified if we 
adopt da --, 0 (the thickness of the array) and di ~ 0 (the thickness of  the insulation). 
In this case we obtain in the air (z > 0): 

_ I o .  jo)eo . ~ Jo(gr)  " g " e -"~ . dg 
Ao (42) 

Uo + 

where S = d , ' ( a a  +j~oea) is a longitudinal conductivity (in S) of CED array, 
T = dfl(j~oe/) is a transverse resistance (in ~ �9 m 2) of the insulation, Uo and u are 
defined as before. 

a) 
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The  mode l  o f  a n  u n g r o u n d e d  C E D  a r r a y  a n d  the  d i s t r i bu t ion  o f  the  r ad ia l  c u r r e n t  dens i ty  for  

f = 0.5 M H z .  ~ ,  = 105 S/m,  e a = e0, d ,  = 0.001 m,  ~i = %, di = 0.05 m,  ~r = 0 .005 S/m,  e = 10e o. 
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We can make another approximation, which we used before. That is if 170r] << 1, 
u0 - g. Besides we can adopt S -~ r ' da. Under these conditions (42) simplifies to 

Ao = _Io  . jcoeo, fo ~ Jo(gr)'_e-S_] dg (43) 

2~ S g + ~/'(~ + ]co~ 

In this case the vector potential depends on the quality of the array (i.e., S and 
T). Before, for the grounded small array we neglected it. We used the boundary 
condition (8), where we specialize the radial current density to be Io/(2~r ) and we 
rejected the secondary current density in the array. 

It is very interesting to compare the distribution of the radial current density in 

the ungrounded array with the distribution in the grounded array. On using that Er 
is continuous through the plane z = 0 we deduce that 

S ~ 2A 0 
jr(r) = S" E r = jo~e ~ 0r ~?z' z = 0. (44) 

Figure 4b shows the distribution of the radial density as the ratio jr(r)/(Io/2~r ). 
The distribution can be divided into three domains. In the first domain the real part 
of the radial density varies with r as 1/r and the imaginary part is small. In the third 
domain ]5] is very small and it is unimportant whether the array has a grounded 
termination or an ungrounded termination. 

The dependence of the magnetic field (namely dB,/dt) in the air on the dielectric 
permittivity of the earth is shown in Figure 5. It is the result of calculation of 
Equations (5) and (42). 

Conclusions 

The efficiency of a method for electric prospecting depends on several compo- 
nents. The choice of electromagnetic field source may be the key factor. A correct 
choice of source creates an optimal space-time structure for the electromagnetic 
field that best interacts with target objects providing real physical preconditions for 
solution of the problem at hand. 

We propose the new method of the excitation by a radial current sheet source 
as an alternative to the classical methods, described as the excitation by a loop and 
a horizontal electrical dipole. The label "CED ~ (circular electric dipole) can be 

looked unsuccessfully sometimes. However, it is difficult to find a replacement. This 
label is a work name, which is conformable to labels VED, HED and VMD. 

The most basic property of CED is absence of the magnetic field on the surface 
of the layered earth in the low frequency regime. We demonstrated that the CED 
is a ground analogue of another known source namely, a vertical electric dipole. 
These sources (CED and VED) are the noninductive, pure galvanic sources. 
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-~ 6E-0(16 F ] 
E + E p = l ,  Re / 

Ep=lo, / / 
~ -~-Ep=~,Re / / 

 Ep=l, / / 
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FREQUENCY (Hz) 
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Figure 5 
The magnetic induction, namely dB+/dt, in the air (z = 0.5 m, distance r = 5 m) from the CED array 
with the ungrounded termination for Io = 1 A. aa = 105 S/m, ea = %, d, = 0.001 m, e i = eo, di= 0.05 m, 

= 0.005 S/m, ~ = %, 10eo, 50%. 

A major disadvantage of the CED scheme is the need to provide a symmetrical 

grounding of the outer ring electrode. A possible way to avoid this requirement is 

to adopt an ungrounded CED array. 
Up to this point our reasoning (and mathematical modeling) has been based on 

a view of the C E D  as a source with ideal azimuthal distribution of the current 

supplied into the medium. Actually we replace this ideal by the finite set of radially, 

at equal angles, arranged lines uniform in length and current. Preliminary calcula- 

tions of the field from this conductor system and initial field experiments with the 

CED scheme have shown that requirements to the accuracy of length, angle and 

current can be judiciously satisfied. In the first field tests currents at rather different 

ground resistivities were equalized by a specially designed equipment. 
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