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a b s t r a c t
The inﬂuence of displacement currents in conventional geoelectromagnetic (GEM) methods using unimodal
transversal electric (TE) or multimodal TE and TM (transversal magnetic) ﬁelds is only signiﬁcant at very
high frequencies in the frequency domain or at extremely early times in the time domain. The transient process in the latter includes three stages: the propagation through air, the propagation through earth and the
diffusion within the earth. The inﬂuence of displacement currents is signiﬁcant mainly during the former
two stages, normally up to several tens to a few hundreds of nanoseconds. The behavior is essentially different in novel GEM methods using a vertical electric dipole (VED) or circular electric dipole (CED) sources of
unimodal TM-ﬁelds. Under certain geoelectric conditions, the inﬂuence of displacement currents in these
methods might be crucial at late times as well. This happens, if the model consists of insulating layers. In
the absence of displacement currents, such layers would totally mask underlying structures. However,
TM-ﬁelds including displacement currents depend on geoelectric parameters below insulating layers at
late times.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
In most cases, displacement currents (DSPC) are neglected when
electromagnetic ﬁelds are applied for solving real geoexploration
problems. Only in very high resistivity environments, such as permafrost, magmatic rocks, dry sands, carbonates, etc., the inﬂuence of
DSPC might be signiﬁcant at frequencies greater than roughly 100 kHz
(Sinha, 1977). Such frequencies are only used in a very few existing
methods such as RMT (radiomagnetotellurics). The situation in the
time domain is even more severe since DSPC are signiﬁcant at extremely early times in the order of nanoseconds, which are far beyond the
working range of all existing transient electromagnetic (TEM) instruments. To the best of our knowledge, such a range has been realized
in a single experimental TEM system developed in the framework of
the Very Early Transient Electromagnetic (VETEM) project (Wright
et al., 1996). However, the use of this system has never been moved
beyond the experimental stage.
There is only one working geophysical method, in which DSPC
play a crucial role. It is GPR (ground penetrating radar), which operates
at frequencies greater than 25 MHz (e.g. Smith and Jol, 1995). At
such frequencies, electromagnetic energy travels as waves in most
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environments and the measured signals are treated similarly to those
in seismic methods. Therefore, GPR is not in the realm of inductive EM
and as such it falls beyond the scope of this study.
Due to the lack to non-existence of practical applications in time
domain EM, detailed theoretical investigations of DSPC based on numerical solutions for complicated 2D/3D models were mostly limited
by frequency domain methods (e.g. Kalscheuer et al., 2008). There are
very few studies in the time domain, which investigated the inﬂuence
of DSPC on transient response based on numerical and/or analytical
solutions and all them were carried out for relatively simple models
(Bhattacharyya, 1959; Goldman et al., 1996; Wait, 1982; Weidelt, 2000).
To the best of our knowledge, all existing studies of DSPC both in
frequency and time domains were carried out either for unimodal TE
(transversal electric) ﬁelds or for bimodal TE–TM (transversal magnetic)
ﬁelds. In recent years, there was an increasing interest in the use of
unimodal TM-ﬁelds, which are highly sensitive to thin resistive structures
and to lateral resistivity variations (e.g. Goldman and Mogilatov, 1978;
Holten et al., 2009; Mogilatov and Balashov, 1996).
This study of DSPC includes both unimodal TE-ﬁelds generated by
a vertical magnetic dipole (VMD) and unimodal TM-ﬁelds generated
by a circular electric dipole (CED) on the surface of selected 1-D models.
Note that a CED represents a surface analog of a more conventional vertical electric dipole (VED) source embedded within the earth (Mogilatov,
1992). The study led to unexpected results: contrary to unimodal TEﬁelds and multimodal TE–TM ﬁelds, which are only affected by DSPC at
very shallow depths (early times), the inﬂuence of DSPC in unimodal
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TM-ﬁelds might be signiﬁcant and even crucial at large depths (late
times) as well.

Ai ¼

2. VMD (TE-ﬁeld), early times (high frequencies)
Let's consider a model consisting of a boundary (z = 0) between two
homogeneous half spaces with arbitrary resistivities and dielectric permittivities. The magnetic permeability in both half spaces equals that in
vacuum. A VMD having moment Mz is located in the upper half space at
point z = z0 of a cylindrical coordinate system with the z-axes pointed
up (Fig. 1a). At time instant t = 0, the moment abruptly drops to zero.
The analytical solution in frequency domain is well known (e.g. Wait,
1982). In fact, it is identical to that in the quasi-static approximation
with the only difference in the expressions for wave numbers:

2

2

ki ¼ −iωμ 0 =ρi −ω μ 0 εi ;
2

ki ¼ −iωμ 0 =ρi ði ¼ 0; 1Þ:

ð1Þ

ð2Þ

Here Eq. (1) represents wave numbers including DSPC and Eq. (2)
represents wave numbers in the quasi-static limit. Such an insigniﬁcant
difference in the frequency domain makes it extremely difﬁcult up to
impossible to perform a numerical Fourier transform into the time
domain. Fortunately, the solution in time domain for the model under
consideration, can be obtained analytically using the Laplace transform
by substituting iω = γi − s, γi = 1/(2ρiεi), i = 0, 1.
Let's consider the practically interesting case, when VMD is located
on the surface of a homogeneous earth (z0 = 0). This problem has
been considered by Bhattacharyya (1959). However, our solution considerably differs from that of Bhattacharyya (1959) by the appearance
of a leading edge with inﬁnitely large amplitude (point source, ideal
step-off excitation). By applying the Laplace transform to the full frequency domain solution, one obtains the following equations for electrical and vertical magnetic ﬁelds, Eϕ and dBz/dt, respectively (Goldman
et al., 1996):
M μ
Eϕ ¼ z 0 ðA1 −A0 Þ;
2π
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þ φi ðT i Þ  T i  δðt−T i Þ :
U(x) and δ(x) are the Heaviside step-off function and the Dirac
ð0Þ

delta function, respectively, I(n) is the n-th derivative of I i ≡ Ii ¼
 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I0 γ i τ 2 −T 2i with respect to T, I0 is the modiﬁed Bessel function
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
of zero order, Ti = r/ci is the ﬁrst arrival time, c ¼ 1= μ 0 εi is the
light velocity in the i-th medium,
φi ðτÞ ¼ −

expð−γ i τÞ
 f1 þ γi τ þ exp½−2γ ðt−τ Þ  ð2γτ−γi τ−1Þg;
τ2

γ ¼ 1=ð2ρε Þ; ε ¼ ε1 −ε 0 ; ρ ¼ ρ0 ρ1 =ðρ0 −ρ1 Þ; i ¼ 0; 1:
These equations are suitable for calculations. The equations are further simpliﬁed by considering the practically important case, when
the upper half space is air (ρ0 = ∞). Then γ0 = 0 and the expression
for A0 in Eq. (4) becomes:
A0 ¼


ρ T 20 
0

ϕ ðT ÞU ðt−T 0 Þ−φ0τ ðT 0 ÞT 0 U ðt−T 0 Þ þ φ0 ðT 0 ÞT 0 δðt−T 0 Þ :
μ 0 r4 0 0
ð5Þ

The expression for the time derivative of the vertical magnetic ﬁeld
is obtained from Eq. (3) by simple differentiation:


1 ∂
 Eφ :
þ
Ḃz ¼ −
r ∂r

ð6Þ

Fig. 2 shows the transient responses of Eϕ for different relative dielectric permittivities ε1/ε0 of the earth. It is important to emphasize
that the responses are calculated for the ideal point source and step

Fig. 1. Model geometry.
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a non-zero extrinsic radial current density, jr, along a circle of radius,
r0:
cm

jr ðrÞ ¼

Fig. 2. Eϕ transient response of VMD for different relative dielectric permittivities of earth.
The model is shown in Fig. 1, where z0 = 0, r = 5 m, ρ1 = 100 Ω-m.

function excitation. The whole transient process is clearly divided by
two singular points, t = T0 (ﬁrst arrival through air) and t = T1 (ﬁrst
arrival through earth), into three different stages. During the ﬁrst stage,
0 b t b T0, the electromagnetic energy has not arrived yet to the measurement point and, as a result, Eϕ = 0. At instant t = T0 = 16.678 ns, Eϕ
changes from 0 to ∞ and instantly drops to some ﬁnal positive or negative
value depending on ε1/ε0 (in Fig. 2, only ε1/ε0 = 5 drops to a negative
value). During the second stage, T0 b t b T1, the ﬁeld gradually increases
to a value depending on ρ1 and ε1. This process is caused by the energy
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
arriving through air. At instant t ¼ T 1 ¼ r  μ 0 ε1 , the energy arrives
through earth and Eϕ changes to − ∞ for all ε1/ε0 N 1 and returns to
some ﬁnal value either positive or negative depending on ρ1 and ε1.
After that instant, the ﬁeld gradually approaches its quasi-static behavior, ε1/ε0 = 0. In the speciﬁc case of ε1/ε0 = 1, the energy arrives
through air and earth simultaneously (T0 = T1). At this instant, Eϕ
only changes to + ∞ and returns to the value close to the quasi-static
one.
It should be noted that the appearance of the instantaneous inﬁnite
ﬁeld values is caused by the use of such abstract idealized patterns as
point source and step function.

I
2πr

 ½U ðr−r0 þ dr0 =2Þ−U ðr−r 0 −dr0 =2Þ;

ð7Þ

where U(x) is the Heaviside function (Fig. 3, left and right).
The difference between the theoretical modes is in the nature of the
central electrode. It could be either a point electrode (Fig. 3, left), or an
extrinsic radial current density uniformly distributed along a circle of
radius, a (a b r0, Fig. 3, right). In fact, the former mode is a particular
case of the latter mode with a = 0. The practical mode of a CED shown
in Fig. 3 (center) includes a ﬁnal number of radial electric lines with a
common central electrode. It was found empirically that the practical
mode adequately represents the theoretical mode shown in Fig. 3 (left),
if the minimum number of radial electric lines equals eight (Mogilatov
and Balashov, 1996). This mode has been successfully applied in the
ﬁeld contouring oil and gas reservoirs and kimberlite pipes (Mogilatov
et al., 2009).
Due to cylindrical symmetry, a CED generates the following EM
components in an arbitrary 1-D horizontally layered earth: Er, Ez and
Hφ. Applying the standard method of separation of variables, one
obtains the following solution for the Er-component (at z ≤ 0) of a
CED source in frequency domain for the same model described above
(Mogilatov, 1996):
Er ðωÞ ¼

I 0 b2
∂3
1 −k1 R
;
 2
e
^ 1 ∂z ∂r R
8πσ

ð8Þ

e 1 ¼ σ 1 þ iωε1. Substituting iω = γi − s, γi = 1/(2ρiεi), i = 0, 1
where σ
and applying to Eq. (8) the integral Laplace transform, one obtains the
following expression in time domain for z = 0.

Er ðt Þ ¼ Er þ

I 0 b2 T 21
8πσ 1 r 4
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þ φðT 1 ÞT 1 δðt−T 1 Þ ;

3. CED (TM-ﬁeld), early times (high frequencies)
There are two conventional sources of a unimodal TM-ﬁeld: a toroidal coil (pure inductive excitation) and a vertical electric dipole (mixed
galvanic/inductive excitation). Since both conventional sources are hard
to apply in the ﬁeld, a more practical surface analog of VED has been recently developed (Mogilatov, 1996). This novel source of a unimodal
TM-ﬁeld called a circular electric dipole (CED) is considered in this
study (Fig. 1b).
There are three different modes of CEDs, two theoretical and one
practical. Both theoretical modes imply the following distribution of

where all designations are identical to those used in the previous Section. Contrary to the numerical Fourier transform of Eq. (8), Eq. (9) is
suitable for calculations.
The results of the calculations are shown in Fig. 4. Contrary to the
VMD (Fig. 2), the response from the CED starts at t = T1, where T1 is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the ﬁrst arrival time through earth, T 1 ¼ r μ 0 ε1 : At times t b T1, the
signal has its DC value, the same as at times t ≤ 0. At times t N T1, the
signal decays gradually approaching its quasi-static behavior. At instant
t = T1, the response becomes inﬁnitely large, but such a behavior is
caused by using a dipole source and ideal step-function excitation. In

Fig. 3. Theoretical (left), practical (center) and idealized (right) circular electric dipoles (CEDs). The theoretical and practical CEDs are shown from above. The idealized CED is shown from
the side.
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Fig. 4. Er transient response of a CED for different relative dielectric permittivities of earth.
The model is shown in Fig. 1, where z0 = 0, r = 5 m, ρ1 = 100 Ω-m.

case of ﬁnite dimensions of the CED and ﬁnite duration of step off
excitation, the singularity at the ﬁrst arrival time disappears.
Comparison of Figs. 2 and 4 shows that the main difference between
the VMD (TE-ﬁeld) and CED (TM-ﬁeld) at very early times manifests itself in the absence of a signal arriving from CED to a receiver through air.
In other words, a unimodal TM-ﬁeld transmitter does not emit electromagnetic energy into the air.
4. CED (TM-ﬁeld) late times (deep soundings)
The inﬂuence of DSPC in geoelectromagnetic methods using conventional unimodal TE-ﬁelds or multimodal TE/TM-ﬁelds is limited by extremely early times (high frequencies) affecting shallow exploration
depth only. However, under certain geoelectric conditions it is not the
case for a unimodal TM-ﬁeld. Such conditions take place in the presence
of a thin resistive (more precisely, insulating) layer. In case of a DC
unimodal TM-ﬁeld, such a layer shields the underlying structures. Similar behavior is observed for EM unimodal TM-ﬁeld (e.g. of VED or CED)
under a quasi-static approximation. However, the situation becomes
entirely different, if DSPC are taken into account within the insulating
layer.

a)

Fig. 6. Transient responses of the Er-component of a CED for different resistivities of the
layer underlying the insulating dielectric layer. The model is shown in Fig. 5a.

Fig. 5b shows the responses of the Er-component for the model presented in Fig. 5a for different relative dielectric permittivities. While the
quasi-static response (ε2 = 0) monotonically decreases from a DC value
at early times to a quasi-exponential decay at late times, the responses
including DSPC underwent sign reversal, after which they decay at
late times much slower than in the quasi-static case. The responses
are perfectly resolved with regard to the dielectric permittivity of the
layer.
The calculations were carried out using two different algorithms: the
3-D ﬁnite element algorithm (Persova et al., 2011) modiﬁed for calculating 1-D responses and the standard algorithm using the numerical
Fourier transform of the frequency response, which turned out fairly
accurate for the model in question in the considered time range.
Fig. 6 shows excellent resolution of the signal with regard to the resistivity of the underlying layer. Although the resolution takes place at
relatively late times (after the sign reversals), the amplitudes of the
signals are not as small as they would be in the quasi-static case (see
Fig. 5(b) for ε2 = 0). In other words, the dielectric permittivity of an

b)
ρ0=∞

CED

Er

ρ1=10 ohm-m

h1=500 m

ρ2=∞, ε2=50ε0

ρ3=1000 ohm-m

h2=1 m

h3=500 m

ρ4=∞
Fig. 5. a) Model; b) Transient responses of the Er-component for different dielectric permittivities of the insulating layer. The CED radius = 500 m; the offset = 2000 m.
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ﬁeld in air and the electromagnetic energy arrives to a receiver through
the conductive earth only.
Contrary to a quasi-static case, time domain calculations including
propagation effects cannot be carried out using the traditional numerical Fourier transform of a frequency response including displacement
currents. The appropriate mathematical apparatus should be signiﬁcantly modiﬁed.
At low frequencies and late times, displacement currents might be
also signiﬁcant, but only in the case of TM-ﬁelds and in models including
insulating layers. Calculations show that this effect disappears, if the
resistivity of the latter drops below some threshold value (roughly in
the order of 106 Ω-m). Thus, the discovered phenomenon is mainly of
a theoretical interest and can be only applied in geophysical practice,
when some man-made materials are involved (e.g. in the exploration
of lined waste disposal sites).
Acknowledgments
Fig. 7. Transient responses of the Er-component of a CED for different resistivities of the
thin dielectric layer. The model is shown in Fig. 5a.
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insulating layer enhances the sensitivity of a unimodal TM-ﬁeld to the
resistivity of the underlying material. This result is rather unexpected
taking into account the following two commonly accepted facts:
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